The method of integrals of motion is used to construct families of generalized coherent states of a nonrelativistic spinless charged particle in a constant electric field. Families of states, differing in the values of their standard deviations at the initial time, are obtained.
Introduction
Quantum states minimizing the uncertainty relation for a pair of observables, for example, the position and momentum, were proposed in 1926 by Schrödinger [1] . Since the appearance of lasers in the 1960s, these states have attracted attention after the appearance of papers by Rashevskii [2] , Glauber [3] , Klauder [4, 5, 6] and Sudarshan [7] . The theoretical formulation lying at the basis of these works has enabled researchers to open up a new branch of quantum physics, known as quantum optics, and the term coherent states (CSs) was first used in this context. For a harmonic oscillator, CSs have three equivalent definitions, namely: 1) CSs are eigenfunctions of the annihilation operator; 2) they minimize Heisenbergs uncertainty relation; and 3) they are obtained by a shift of the vacuum state under the action of the unitary operator of the WeylHeisenberg group. These states form a complete, but non-orthogonal set of vectors in Hilbert space, which makes it possible to characterize them as an overcomplete basis [5] . Because of the properties of these states, various generalizations of CSs were proposed in the semiclassical description of quantum systems, in the theory of quantization, in the physics of condensed matter, in the theory of radiation, etc. (for example, see [8, 9, 10, 11, 12, 13, 14, 15] ).
Another important class of quantum states which enables a correspondence to a classical description is known as semiclassical states (SSs). In these states, the mean values of observables are larger than the corresponding standard deviations. The significance of this property is that the particle actually moves along classical trajectories. In particular, CSs of a harmonic oscillator coincide with SSs, provided the standard deviation does not depend on time. However, identity of CSs and SSs cannot be established in the general case. This is possible only in special cases under some conditions on the parameters. A study of these cases for a nonrelativistic spinless charged particle in a constant electric field is the subject of the present work.
In section 2 we provide a review of classical and quantum dynamics and briefly discuss the method of integrals of motion for the problem under consideration [13, 16, 17, 18] . Within the framework of this method, we establish various families of CSs and generalized coherent states (GCSs), satisfying the Schrödinger equation. For both types of states we discuss the standard deviations and uncertainty relations. In Section 3, following the model proposed in [17] , we analyze GCSs and the conditions under which these states can be considered as semiclassical.
2 Charged particle in constant and uniform electric field
Classical and Quantum dynamics. Coherent states
Let us consider a nonrelativistic charged particle with charge e (for an electron, e = − |e|), interacting with a constant and uniform electric field E = (0, 0, E), with potentials A 0 (z), A = (0, 0, A (t)) given by the formulas
The particle moves along the z axis, z ∈ (−∞, +∞). The Hamiltonian has the form
where ξ = eE/m. Hamilton's equations and their arė
whose solutions has the form
with constants f 0 and g 0 . If f (τ ), g (τ ) and ϕ (τ ) have the indicated form, then forŜ andÂ (τ ) a basis of common eigenvectors can be found, for examplê
where ζ ∈ C and λ ζ (τ ) is an arbitrary time-dependent function. If in addition to condition (8) we require that the operatorÂ (τ ) and its adjointÂ † (τ ) satisfy the usual commutation relation for creation and annihilation operators,
then the constants f 0 and g 0 satisfy the additional relation
which will be put to use in what follows. Thus, by virtue of relations (10) and (13) , |ζ, τ is an eigenstate of the annihilation operatorÂ (τ ). In the q-representation, Φ ζ (q, τ ) = q|ζ, τ , Eq. (12) takes the form
The general solution of Eq. (14) is given by the formula
where φ (τ ) is an arbitrary time-dependent function. Solution (15) satisfies the Schrödinger equation provided that is corresponds to the zero eigenvalue in Eq. (11) . This means that φ (τ ) satisfies the condition
where N is a normalization constant. Finally, if we impose the condition of square integrability on Φ ζ (q, τ ), the the states represented by the formula (15) take the final form
The two-parameter family of functions Φ ζ (q, τ ), which depend on the parameters f 0 and g 0 , is called a family of nonstationary, generalized coherent states (GCSs). In addition to being solutions of the Schrödinger equation (11), satisfy the main properties of CSs, namely they are eigenstates of the annihilation operator, described by Eq. (12), and also form an overcomplete normalized basis [17, 18] . For completeness, we note that the GCSs can be written in the usual form as
Uncertainty relations
For some systems, the CSs possess the remarkable property that they can be constructed as solutions of the Heisenberg and RobertsonSchrödinger uncertainty relations. The GCSs considered above possess the same properties and, in particular, they minimize the Heisenberg uncertainty relation for τ = 0 for the appropriate choice of the constants f 0 and g 0 . To prove these properties, it is convenient to express the operatorsq,p in terms of annihilation and creation operatorsÂ (τ ),
We also employ Eq. (12) to calculate the mean values
We use a horizontal bar, as usual, to denote the mean values. As a result, ζ can be written in the
which follows either from solving system (18) for ζ or from the mean value ofÂ (τ ), as expected.
Calculating the mean values of the operatorsq 2 andp 2 :
we find expressions for the standard deviation of the coordinate σ q (τ ) and momentum σ p (τ ):
For the standard deviation σ q (τ ) in expression (21) to be real, the Heisenberg uncertainty principle must be fulfilled for τ = 0:
If this is true, then the uncertainty principle is fulfilled for any value of τ i. e.,
Moreover, calculating the covariance σ qp (τ ):
we find that the Robertson-Schrödinger uncertainty relations [20, 21] are fulfilled identically identically:
This means that the GCSs are squeezed states. In terms of the quantitiesq (τ ) andp (τ ) defined by Eqs. (18) , the GCS defined by Eqs. (16) can be written in the form
where
From this representation it is easy to see that the corresponding probability density ρ (q, τ )
is a Gaussian distribution, whose standard deviation σ q (τ ) corresponds to the standard deviation of the coordinates found in Eq. (21) . Therefore, the mean valuesq (τ ),p (τ ) move along classical trajectories, which allows us to establish a one-to-one correspondence between the mathematical expectations given by Eqs. (21) and the solutions of the Hamilton equations (3). Employing Eq.
(5), one can writē
which allows us to find the correspondence
If we impose the requirement of minimization of uncertainty relation (24) for τ = 0
then the two-parameter family of GCSs described by Eq. (24) and parameterized by f 0 and g 0 , reduces to a oneparameter family with
0 . The states obtained in this way are parameterized only by the initial standard deviations of the coordinates σ q . For simplicity, we call these states coherent states (CSs).
Coherent states as semiclassical ones
CSs are Gaussian, and their density moves along a classical trajectory. These two characteristics are general for both coherent and semiclassical states. Therefore, it makes sense to ask whether coherent states can be assumed to be semiclassical at all times. In general, the answer is no since for semiclassical motion, variation in time of the corresponding probability density ρ (q, τ ) should be slow. This means that quantum motion in some sense is bounded, and restricted to a region defined by the standard deviation of the coordinate σ q (τ ). In turn, this quantity depends on the momentum of the particle and on the external field; therefore, σ q (τ ) and ρ (q, τ )can vary more rapidly or more slowly, depending on these quantities. In order to find the conditions under which the GCSs can be considered as SSs, let us turn to a criterion which is especially useful for one-dimensional motion 2 .
This criterion can be formulated as follows: the evolution of the density ρ (q, τ ) corresponds to the motion of the particle, but the standard deviation σ q (τ ) grows with time. Thus, at some time τ , the distribution for ρ (q, τ ) has "spread out" ∆σ q (τ ) = σ q (τ ) − σ q while the particle has passed the distance ∆z (t) = z (t) − z 0 . Writting ∆σ q (τ ) in the dimensional form ∆σ q (τ ) = l −1 ∆σ z (t):
where t σ = m (σ z /σ pz ), it is possible to compare the two length scales, using the ratio
and to discover that if R (t) ≪ 1, then the GCSs and the CSs can be considered as SSs.
Let us examine the conditions under which the inequality R (t) ≤ 1 is fulfilled in the general case. We begin with the case of a free particle. We set ξ = 0 in relations (3) and represent R (t) in the form
From these relations it follows that R (t) ≤ 1 if one of the conditions
is fulfilled, where t c is the critical time for a free particle
Condition (i) means that the inequality R (t) ≤ 1 is fulfilled for any time t as a consequence of the fact that the momentum p z of the particle is greater than or equal to its standard deviation σ pz .
In case (ii), the inequality R (t) ≤ 1 is valid only during some intermediate time t ∈ [0, t c ]. These properties become more transparent if we introduce the de-Broglie wavelength λ = 2πℏ/p z . In the language of the de-Broglie wavelength, X and Y take the form
Consequently, it follows from condition i) that λσ pz ≤ 2πℏ, and if the standard deviation σ pz of the momentum is significantly less than the inverse of the de-Broglie wavelength, σ pz ≪ 2πℏ/λ, , then GCSs can be considered for any time t. On the other hand, if the condition (ii) is fulfilled, then the GCSs cannot be considered as SSs for arbitrary t and are such only under the condition t ≪ t c . Therefore, GCSs can be considered as SSs if only one of the following conditions is fulfilled:
For values of σ pz from the last interval, the GCSs are quantum states for t ≥ t c . What is more, the GCSs are quantum states, provided
for any time t ∈ [0, ∞).
The above arguments are somewhat different in the case of CSs. Taking equality (28) into account, we have the equalities X = X σ , Y = 0 , by virtue of which conditions (32) are modified as follows:
where the critical timet c for a free particle is obtained as a particular case of Eq. (33):
Consequently, CSs can be considered as SSs, provided the following conditions are satisfied:
which corresponds to a modification of the conditions (35). It should be noted that the first of inequalities (39) coincides with an earlier estimate [17] . In the case λ ≥ 4πσ z the CSs are quantum states for t ≥t c . Let us consider the case of a particle in an electric field. According to the Hamilton equations (3),
relation (30) now has the form
whereλ e = ℏ/mc and E c = m 2 c 3 /eℏ are the Compton wavelength and the critical value of the electric field, respectively. The electric field can be classified as strong if 2W ≥ 1, moderate for 1 − X 2 ≤ 2W < 1, and weak ifn 0 < 2W < 1 − X 2 . Therefore, the inequality R (t) ≤ 1 is fulfilled for arbitrary t ∈ [0, ∞) if just one of the following conditions holds:
Condition (iii) coincides with condition (i) in Eq. (32) for a free particle and does not depend on the amplitude E of the electric field. Moreover, if the field is strong in accordance with condition (iv), then the inequality R (t) ≤ 1 is valid irrespective of the values ofX and Y (or, equivalently, irrespective of the values of the standard deviation σ pz of the momentum or standard deviation σ z of the coordinate). For fields with moderate amplitude, satisfying condition (v), the inequality R (t) ≤ 1 is fulfilled only for Y ≤ X < 1. It should be noted that R (t) ≤ 1 for arbitrary t also for X = Y. This condition is impossible for a free particle, as is clear from Eqs. (31), but can be fulfilled for a moderate electric field. The cases when conditions (42) are not fulfilled require separate analysis. For example, in the special case X = Y and weak electric fields vi) X = Y and 0
the inequality R (t) ≤ 1 is valid only for t ≥ t vi c :
where t vi c is the critical time corresponding to the condition (iv). If conditions (42) are not fulfilled, for example, in the cases vii) X < Y and 1 − X 2 ≤ 2W < 1 or viii) X < Y and 0 
and in case (viii)
The above results allow us to conclude that GCSs can be considered to be SSs for arbitrary t if the standard deviation σ pz of the momentum is much less than the inverse of the de-Broglie wavelength or if the electric field is sufficiently strong:
If neither of these conditions is fulfilled, then the GCSs cannot be considered as SSs for all t. For example, if the electric field is moderate in accordance with the conditions
and the corresponding standard deviations σ pz and σ z satisfy the inequalities
then the GCSs can be considered as SSs only after the passage of a sufficiently long time, t ≫ 0. Stronger conditions arise for a weak field in the case when σ pz and σ z satisfy the condition
In this case, the GCSs can be considered as SSs only for t ≫ t 
and moderate electric fields, as in conditions (49) The above analysis must be modified if the considered states are CSs. In this case, X = X σ and Y = 0, where W = W σ = 2 (σ z /λ e ) 3 E/E c , so that the conditions (iii), given by formula (42), change over to
Therefore, if just one of these conditions is satisfied, we will have R (t) ≤ 1 for any t ∈ [0, ∞). If the electric field is weak, but X σ is a small quantity,
then the condition R (t) ≤ 1 will be valid for t ≥ t 
Finally, in accordance with the above results, CSs can be considered as SSs if the standard deviation σ z of the coordinates of the particle is much greater than its de-Broglie wavelenght λ or if the electric field is sufficiently strong:
If, however, the mean standard deviation of the coordinates is small, but the electric field is weak,
then the CSs can, as before, be considered to be SSs for sufficiently large t specifically for t ≫ t ix ref .
Conclusions
In this work we have considered the problem of constructing GCSs and SSs for a nonrelativistic spinless particle in a constant uniform electric field. Use of the method of integrals of motion allowed us to analyze GCSs, the uncertainty relations, and the conditions under which these states can be considered as semiclassical. The obtained GCSs satisfy the RobertsonSchrödinger and Heisenberg uncertainty relations and in this their properties coincide with the GCSs of a free particle [17] . Taking into account that the probability density for a GCS should vary slowly in time for semiclassical motion, we have found conditions on the standard deviations of the coordinate σ z and the momentum σ pz and on the amplitude of the electric field, for which the GCSs are considered as SSs. Depending on the values of these quantities, CSs either can or cannot be considered as semiclassical for all time. In an examination of these conditions for a free particle, the GCSs can be considered as SSs, assuming that the de-Broglie wavelength of the electron satisfies the inequality λ ≪ 2πℏ/σ pz , while CSs can be considered as SSs if λ ≪ 4πσ z . Both of these cases are valid for all time. On the other hand, if if λ ≥ 2πℏ/σ pz (for GCSs) or λ ≥ 4πσ z (for CS), then (generalized) CSs can be considered as SSs only during a short interval of time, specifically for t ≪ t c (for the GCSs) or t ≪t c (for CSs). As for a particle interacting with an electric field, under these conditions the corresponding states can be considered as SSs. However, fulfillment of these conditions is not required if the electric field is sufficiently strong (it satisfies the inequalities E ≫ (σ pz /mc) 2 (λ e /σ z ) E c (for GCSs) or 2E ≫ (λ e /σ z ) 3 E c (for CSs). For weak electric fields
and some values of the standard deviations, GCSs or CSs can be considered as SSs only after the passage of some interval of time. Thus, for a nonrelativistic spinless particle in a constant uniform electric field, GCSs or CSs can always be considered as SSs at sufficiently large times. At the same time, for a free particle this is possible only under some special conditions.
